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In this paper the projective curvature invariants of a complex 
' Finsler space are obtained. By means of these invariants the no- 

i 1 tion of complex Douglas space is then defined. A special approach 

! is devoted to obtain the equivalence conditions that a complex Finsler 

Q | space should be Douglas. It is shown that any weakly Kahler Douglas 

f-n ■ space is a complex Berwald space. A projective curvature invariant 

of Weyl type characterizes the complex Berwald spaces. They must 
be either purely Hermitian of constant holomorphic curvature or non 
i__r purely Hermitian of vanish holomorphic curvature. The locally pro- 

jectively flat complex Finsler metrics are also studied. 
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1 Introduction 

> 

The study of projective real Finsler spaces was initiated by L. Berwald, 
[T0| [TT] , and his studies mainly concern the two dimensional Finsler spaces. 
Further substantial contributions on this topic came later from Rapcsak |22j . 
Misra [JjJ] and, especially, from Z. Szabo [27J and M. Matsumoto [17] . The 
problem of projective Finsler spaces is strongly connected to projectively 
related sprays, as Z. Shen pointed out in [26]. The topic of projective real 
Finsler spaces continues to be of interest for some projective invariants: Dou- 
glas curvature, Weyl curvature and others. The exploration of these projec- 
tive invariants leads to the special classes of metrics such as the Douglas 
metrics and the Finsler metrics of scalar flag curvature, ([7J [SJ H3J [TBI 1^2"] . 
etc.). 
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Few general themes from projective real Finsler geometry are broached 
in complex Finsler geometry, [3J. Two complex Finsler metrics L and L, 
on a common underlying manifold M, are called projectively related if any 
complex geodesic curve, in [I]' s sense, of the first is also complex geodesic 
curve for the second and the other way around. This means that between 
the spray coefficients G % and G % there is a so called projective change & = 
G l + B % + Prf , where P is a smooth function on T'M with complex values and 
B l := — 9* 1 ). Although the Chern-Finsler complex nonlinear connection, 
with the local coefficients iVj, is the main tool in complex Finsler geometry 
(ID EO]), in this study we use the canonical complex nonlinear connection 

c 

because it derives from a complex spray, i.e. N^:= djG % and G l = ^N^rf . 

Using some ideas from the real case, our aim in the present paper is 
to study the above mentioned projective change. It gives rise to projective 
curvature invariants of Douglas and Weyl types. Associated to the canoni- 
cal complex nonlinear connection we have the complex linear connection of 
Berwald type which is an important tool in our approach. 

Subsequently, we have made an overview of the paper's content. 

In §2, some preliminary properties of the n - dimensional complex Finsler 
spaces are stated. We prove that the complex Finsler spaces which are weakly 
Kahler and generalized Berwald are complex Berwald spaces (Theorem 2.1). 

In §3, the structure equations satisfied by the connection form of the 
complex linear connection of Berwald type are emphasized. Next, we derive 
some of Bianchi identities which specify the relations among the covariant 
derivatives of the curvature coefficients of this complex linear connection. 

A first class of projective curvature invariants obtained by successive ver- 
tical differentiations of the projective change is explored in §4. We find three 
projective invariants of Douglas type and by means of them are defined the 
complex Douglas spaces. The necessary and sufficient conditions in which a 
complex Finsler space is Douglas are contained in Theorem 4.2. 

The study of the weakly Kahler projective changes is more significant. We 
prove that the weakly Kahler Douglas spaces are complex Berwald spaces, 
(Theorem 5.2). A projective curvature invariant of Weyl type WL h , which 
has the same formal form as in the real case, is obtained. It is vanishing in the 
Kahler context. For the complex Berwald spaces another projective curvature 
invariant of Weyl type W^ h is found. We show that W^ h = if and only 
if the space is either purely Hermitian with the holomorphic curvature K,p 
equal to a constant value or non purely Hermitian with JCf = 0, (Theorem 
5.4). 

The last part of the paper, §6, is devoted to the locally projectively flat 
complex Finsler metrics. The necessary and sufficient conditions for the 
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locally projectively flat complex Finsler metrics and other characterizations 
are established in Theorems 6.2, 6.3 and Proposition 6.2. Finally, the locally 
projectively flat complex Finsler metrics are exemplified, better illustrating 
the interest for this work, (Theorem 6.4). 



2 Preliminaries 

Let M be a n-dimensional complex manifold and z = (z k ) k= j^ be the complex 
coordinates in a local chart. The complexified of the real tangent bundle T C M 
splits into the sum of holomorphic tangent bundle T'M and its conjugate 
T"M. The bundle T'M is itself a complex manifold and the local coordinates 
in a local chart will be denoted by u = (z k ,i] k ) k= Y^. These are changed into 

(z' k , r)' k ) k= Y^ by the rules z' k = z' k {z) and r)' k = ^rrf. 

A complex Finsler space is a pair (M,F), where F : T'M — > R + is a 
continuous function satisfying the conditions: 

i) L := F 2 is smooth on TM := T'M\{0}; 

ii) F(z,7]) > 0, the equality holds if and only if rj = 0; 
Hi) F(z, Xrj) = \\\F(z, rj) for VA E C; 

iv) the Hermitian matrix (gi](z, 77)) is positive definite, where gq := q^q^ 
is the fundamental metric tensor. Equivalently, it means that the indicatrix 
is strongly pseudo-convex. 

Consequently, from Hi) we have -§^kr] k = -§^kfj k = L, ^r) k = = 

and L = gqrfrf. 

Roughly speaking, the geometry of a complex Finsler space consists of 
the study of the geometric objects of the complex manifold T'M endowed 
with the Hermitian metric structure defined by gq. 

Therefore, the first step is to study sections of the complexified tangent 
bundle of T'M, which is decomposed in the sum Tq{T'M) = T'(T'M) © 
T"(T'M). Let VT'M C T'(T'M) be the vertical bundle, locally spanned by 
{g|r}, and VT'M be its conjugate. 

At this point, the idea of complex nonlinear connection, briefly (an. a), 
is an instrument in 'linearization' of this geometry. A (c.n.c.) is a supple- 
mentary complex subbundle to VT'M in T'(T'M), i.e. T'{T'M) = HT'M © 
VT'M. The horizontal distribution H U T'M is locally spanned by = 
af^ — A^t^j}, where N 3 k {z,rf) are the coefficients of the (c.n.c), i.e. they 
transform by a certain rule 

Qz'i dz' 1 ■ d 2 z' 1 
N' 1 — = —M- rP. (2.1) 

3 dz k dz* k dzWz k 1 y ' 
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The pair {5 k := -£k,d k := } will be called the adapted frame of the (c.n.c.) 
which obey to the change rules 5k = f§F<% an d dk = §pr<9'-. By conjugation 
everywhere we have obtained an adapted frame {5k, dj,} on T"(T'M). The 
dual adapted bases are {dz k ,5r] k } and {dz k , 5fj k }. 

Let us consider T the natural tangent structure which behaves on T'(T'M) 
by T(^) = £ ; T(^) = 0, and it is globally defined, (see [20]). 

Definition 2.1. I2(% . A vector field S G T'(T'M) is a complex spray if 
T o S = T, where T = f] k ^k is the complex Liouville vector field. 

Locally, this condition of complex spray can be expressed as follows 



* = ^-2G^)^. (2.2) 

Under the changes of complex coordinates on T'M, the coefficients G k of 
the spray 5" are transformed by the rule 

2G H = 2G k f- - 7 Hr T rfr } k . (2.3) 

Between the notions of complex spray and (c.n.c.) there exists an inter- 
dependence, one determining the other. Differentiating (12. 3p with respect to 
rf it follows that the functions iVj := |S satisfy the rule (I2.ip . and hence iVj 
define a nonlinear connection. Conversely, any (c.n.c.) determines a complex 
spray. Indeed, a simple computation shows that if iVj are the coefficients of 
a (c.n.c.) then |iVj satisfy (12.31) and hence, they define a complex spray. 

A (c.n.c.) related only to the fundamental function of the complex Finsler 
space (M,F) is the so called Chern-Finsler (c.n.c), (cf. [1]), with the local 
coefficients iVj := g mt ^p rf . Further on 5k is the adapted frame of the Chern- 
Finsler (c.n.c). A Hermitian connection D, of (1,0)— type, which satisfies 
in addition DjxY = JDxY, for all X horizontal vectors and J the natural 
complex structure of the manifold, is the Chern-Finsler connection ([I]). It 
is locally given by the following coefficients (cf. [2D]): 

L) k ■= g l %9 fl = d s N* h ;C) h := g H d k g fl . (2.4) 

Recall that := —5-^L l - k — (5-^NDC 1 ^ are hh - curvatures coefficients 
of Chern-Finsler connection. According to [Ij, p. 108, [20], p. 81, the 
holomorphic curvature of the complex Finsler space (M, F) in direction n is 

K F (z,n) = —R ffkh ffrftn h , (2.5) 
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where R ffkh := R) lh 9if- 

In [Tj's terminology, the complex Finsler space (M,F) is strongly Kahler 
iff Tj k = 0, Kahler iff T l - k rf = and weakly Kahler iff gftT^rfrf = 0, where 
Tj fc := L* fe — L\-. In [13] it is proved that strongly Kahler and Kahler notions 
actually coincide. We notice that in the particular case of the complex Finsler 
metrics which come from Hermitian metrics on M, so-called purely Hermitian 
metrics in [20], (i.e. gq = gfj(z)), all those nuances of Kahler are same. On 
the other hand, as in Aikou's work |2j, a complex Finsler space which is 
Kahler and L l - k = L l - k (z) is named complex Berwald space. 

In [2D] it is proved that the Chern-Finsler (c.n.c.) does not generally come 
from a complex spray except when the complex metric is weakly Kahler. But, 
its local coefficients Nj always determine a complex spray with coefficients 

c 

G 1 = \N l Arf . Further, G l induce a (c.n.c.) denoted by iVj:= djG % and called 
canonical in [20], where it is proved that it coincides with Chern-Finsler 
(c.n.c.) if and only if the complex Finsler metric is Kahler. With respect to 
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the canonical (c.n.c), we consider the frame {S k , d k }, where 5 k := N k dj, 

C C 

and its dual coframe {dz k ,S where S ff" '■= dn k + Nj dz^ . Moreover, we 
associate to the canonical (c.n.c.) a complex linear connection of Berwald 
type BT with its connection form 

u)( Zl n) = G) k dz k + G) k dz\ (2.6) 

c c 

where G* fc := d k iVj and G 1 .^ := d k iVj . Note that the spray coefficients 

c 

perform 2G l = Njif =NJj = G % ^ k rfn k = L l - k n^n k . 

An extension of the complex Berwald spaces, directly related to the BT 
connection, is called by us generalized Berwald in [3]. It is with the coeffi- 
cients G l j k depending only on the position z, equivalently with either d^G 1 = 
or BT is of (1,0) - type. Since in the Kahler case G* fc = Lk, any complex 
Berwald space is generalized Berwald. 

In Abate-Patrizio's sense, ([I] p. 101), a complex geodesic curve is given 
by D Th+fK T h = 9*(T h ,T^), where 9* = g ihk g lf (L] fh - L p m] )dz l A dP ® 5 k , for 

_ c 

which it is proven in [20] that 9* k = 2gi k 5j L and 9* 1 is vanishing if and only 
if the space is weakly Kahler. Thus, the equations of a complex geodesic 
z = z(s) of (M, F), with s a real parameter, in pQ' s sense can be rewritten 

as 

^ + 2C W .),|) = «-(,(.),§) ;i = I^ (2.7) 



where by z' l (s), i — 1, n, we denote the coordinates along of curve z = z(s). 
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Note that the functions 6* 1 are (1, 1) - homogeneous with respect to rj, 
i.e. (d k 6 H )r) k = 9 H and (d i d* i )f} k = 9*\ 

Next, we emphasize some properties of the complex Finsler spaces. 

Lemma 2.1. Let (M,F) be a complex Finsler space. Then, (d k G l )rii = 0, 
where iji := &iL. 

Proof. It results differentiating G % gq = \-§^r r ] hr ] s with respect to fj k and then 
contracting on it by ff . □ 

Also, it is necessary to compute 

fa* = 2d k (g^ d) L) = -2^V'(4<^)(4 L) + 2g> i d k (8 ] L) 
= -9* l Ci l + 2gi%[§ J - iVJ (d f L)] 

= -e* 1 ^ + 2 9 ^[^§=j - (4 m)(d r -L)- m 9kf \. 

Now, using Lemma 2.1 and 9 ° k Q 2 j = Njg k f we obtain 

(d k Np(d r -L) = (d k Nfjfjr = [<%(4G f )]77r = - (dkG^drfr) 

= —(d k G r )Ci f jf] 1 , where fj r := d f L and C^rf := djf) r . 
Therefore, 

d k 6* 1 = -Pcja + 2/[(Af- Nl)g kf + {d k G*)C w3 rf\. (2.8) 

Theorem 2.1. Let (M, F) be a complex Finsler space which is weakly Kahler 
and generalized Berwald. Then it is a complex Berwald space. 

c 

Proof. Under given assumptions, the relation (I2.8p is 2g^ l {N-.— N-.)g kf = 0, 

c 

which contracted by \gim,g sk gives N^— N* h = 0, i.e. F is Kahler. This, 
together with the statement of generalized Berwald, proves our claim. □ 

3 Curvature forms and Bianchi identities 

We shall use the complex linear connection of Berwald type BT as our main 
tool to study the projective geometry of the complex Finsler manifolds. The 
connection form of BT satisfy the following structure equations 

d{dz l ) - dz k A u\ = hQ l ■ d{8 rf)- 5 r, k A u{ = vtT ; du] - u k Au l k = Q), 

(3.1) 

and their conjugates, where d is exterior differential with respect to the 
canonical (an. a). 
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Since 

d(S rf) = d N] Adz j = ^K l jk dz k A dz j + Q)- k dz k A dz j 
+G) k 5v k A dz° + G)- k 5 rf A dxP 
and Gj k = G\p the torsion and curvature forms are 
hQ l = -G)- k dz ] A dz k ■ 

vST = -^K* k dz j A dz k - e]- k dz j A dz k - G i jk dz j A 5 rf - G)- k 8 rf A dz k ; 
Q) = - X -K) kh dz k A dz h - l -K)- k}i dz k Adz h + K^ k dz k A dz h 

-G) kh dz k A 5 ri h - G) kh dz k A 6 t - G)- hk dz k A 5 f + G)- hk 5 V k A dz\ 

where 

K) k :=&n) - IN* ; Q% :=5 k N^; and 

c c 

K )kh := Sh G) k - 8 k G l jh + G jk G\ h - G jh G\ k ; 

c c 

K 1 jt ■ = St i G l .j — 5l G 1 .t -\- G tG\t — G .rGlr : 

jkh a jk K jn jk In jn Ik ' 

c c _ _ 

K l jkh -=Sh G ) k ~ S k G l jh + G l jk -G l lh — G l jh G l lk - are hh-, hh- and hh- curvature 
tensors, respectively; 

G )kh '■= dhGjh I G )kh = d~h G )k I G )kh := dh G % are hv-, hv- and /in- 
curvature tensors, respectively. Moreover, they have properties 

Kjkh = djKkh i Kjkhrf = ^kh i ^Qjfeh + ^Q/ifc = ^' 

= els ; = - G )- k - 

Note that we preferred to denote by K l - kh the horizontal curvature tensors 
of BY, instead of classical real notation Rj kh - In this way, we avoid any 
confusion with the horizontal curvatures coefficients of the Chern-Finsler 
connection from (12.51) . 

Taking the exterior differential of the third structure equation from (13. II) . 
it results 

- tt] A coi + uj) A ft} = (El) , (3.2) 

which leads to sixteen Bianchi identities. We mention here only some of 
these, which are needed for our proposed study 

dr G% jkh = dhG l j kr ; d r G l j kh = dhG) kr ; d r G. kh = d n G^ kr ; 

9fG l jkh = d h G l j¥k ; d r G l - k}l = d n G l jk - r ; dfG l jkTi = d n G l jk - ; dfG 1 .^ = d n G l j¥k . 
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In the generalized Berwald case the following identities are true: 
d r K) kh = ; d,K] kh = ; d r K\- kh = ; d f K\- kh = 
and for complex Berwald spaces we get 

Kjrk\h = ^jhk\f i ^jrk\h = Kjrh\k' (3-3) 

where we denoted by V ' the horizontal covariant derivative with respect to 
Chern-Finsler connection. 



4 Projective invariants of a complex Finsler 
space 

Let L be another complex Finsler metric on the underlying manifold M. 
Corresponding to the metric L, we have the spray coefficients G 1 and the 
functions 6* 1 . The complex Finsler metrics L and L on the manifold M, 
are called projectively related if these have the same complex geodesies as 
point sets. This means that for any complex geodesic z = z(s) of (M, L) 
there is a transformation of its parameter s, s = s(s), with ^ > 0, such that 
z = z(s(s)) is a geodesic of (M, L), and conversely. 

Theorem 4.1. [3]. Let L and L be complex Finsler metrics on the manifold 
M. Then L and L are projectively related if and only if there is a smooth 
function P on T'M with complex values, such that 

G l = G i + B l + Prf; i = T~n, (4.1) 

where B i := \{6* 1 - 9 H ). 

The relations ( 14.1 j) between the spray coefficients G l and G 1 of the pro- 
jectively related complex Finsler metrics L and L is called projective change. 
An equivalent form of this, (see Lemma 3.2, [3]) is 

G = G + Sif and 6* 1 = d H + Qrf; % = T~n, (4.2) 

where S := (dkP)r] k is (1,0) - homogeneous, Q := —2(d k P)f] k is (0,1) - 
homogeneous and S — \Q = P. 

Differentiating (14. 2 j) with respect to rf leads to 

N}=N; +ST i7? < + S5) and Of = Of + Qjrf + Q5), (4.3) 
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where Sj := fyS, Qj := djQ, Of := 0,-0* and 0* := fyfl* Thus, S 3 - \Qj = 
Pj, with Pj := djP. 

Now, to eliminate S and Q from (14.3)) . we make the sum by i = j. Since 
fi^ = 5 and Qirf = 0, (0~3j) gives 

s = ~ ^ and Q = - (4 - 4) 

C c 

So that, P = ^(-/V? - Nj) - ±(§? - 9f). Substituting this in gU, we 
find that the projective change is 

& = &+ he» - n + ^—{M - Nl)rf - ^(0f - 9f) V \ i = T~n. (4.5) 
2 n + 1 2n 

From here it results 

D* := & - -L- Nj rf - V* - -9frf), (4.6) 

Hj I J. — Tli 

which are the components of a projective invariant, under the projective 
change (14. ip . 

Proposition 4.1. Let (M,F) be a complex Finsler space. Then, D l are the 
local coefficients of a complex spray if and only if F is weakly Kahler. 

c 

Proof. First, D l satisfy the rule (12.31) . forasmuch Nj rf, 9* % and 9frf have 
changes all like vectors. Second, D l are (2,0) - homogeneous if and only if 
9* 1 = -Ofrf. The last relation contracted by rji gives = 9* l r]i = -9fL. 
Hence, \ l = and so 0" = 0. □ 

Further on, the projective change (14. ip gives rise to various projective 
invariants. Indeed, some successive differentiations of (14. 6 p with respect to r\ 
and fj give three projective curvature invariants of Douglas type 



u jkh — ^jkh 



1 —[(d h D jk )rf+ D iA\ (4-7) 



n + _ 

(j,k,h) 



-\{o% h -\ l Wik)rt+ £ e« h 5i}}; 

'' (j,k,h) 

D) k - h = G) m - -^[{djDtirf + D- k - h 5}} 

D)~ kh = G% h -^[(d h D- kj )rf + D- kj 8i + D- kh 6^\ 

-\m h - liwtM + VIA + ei h s% 
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where D kh := G\ kh , D kh := G\ m and D kh := G\ kh are respectively, hv-, 
hv- and hv- Ricci tensors and 9*{ h := 9^^, := d k 9*\ 9* z kh := 

: = d k 0*i and 0*| := djflf = bfif. In is the cyclic sum. 

U,k,h) 

Definition 4.1. A complex Finsler space (M,F) is called complex Douglas 
space if the invariants are vanishing. 

Remark 4.1. If F is generalized Berwald, i.e. G l j k (z), and weakly Kdhler 
then G) kh = G\- kli = Gy kh = and D kh = D kh = D kh = 9* { = 0, and so 
the projective curvature invariants of Douglas type are vanishing. Moreover, 
taking into account Theorem 2. 1 it results that any complex Berwald space is 
a complex Douglas space. 

Subsequently, the key of the proofs is the strong maximum principle which 
gives the constancy of the holomorphic and - homogenous functions. 

Lemma 4.1. If one of hv-, hv- or hv- Ricci tensors is vanishing then they 
are all vanishing. 

Proof. Supposing D k h = 0, it results G\ kh = 0, which is equivalent with 
dhG\ k = 0. By conjugation, d^Glr = 0, and so, G^ are holomorphic in rj. 
But, G l - k are - homogeneous with respect to rj and so they depend only on 
z, (Gl- k = Gl- k (z)). Hence, G\ k depend only on z and d~ h G\ k = D~ hk = which 

c 

contracted by r\ k give d h N\= 0, i.e. G 1 ^ = 0. So that, D kh = d h G l ik = 0. 

If D kh = then c\G l ik = which contracted by fj h yield G l ik = 0, because 
G l ik rf} h = —G\ k . It results d k G\ h = 0, i.e. D kh = 0. Further on using the 
holomorphicity in rj and - homogeneity of the coefficients G\ h it results 
that G\ h depend on z alone. So, djG\ h = which give Dhj = 0. 

If D kh = then d k G\ h = and similarly it results that G\ h depend only 
on z and G l ik = 0. This implies D h j = D kh = 0. □ 

Since 6* 1 are (1,1) - homogeneous with respect to r), 6* k l n k = 9* 1 and 
Oj^ff = Q* 1 and so, 

^ k )v k = o ; e* k { v k = eg ; e^t = ef ■ ef h t = o ; (4.8) 
o* k ) r v k = -ft ; ^ = o ; o;y k = e% ■ e*i h t = o ; 

{d- h 0%)t = ; (d h 9*i)f} k = 9% ; = 0. 
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Proposition 4.2. Let (M,F) be a complex Finsler space. If D\ kh = then 
F is generalized Berwald and 

D) kh = -\{e% h - \[{d h ei k )rf + £ ^M>; (4-9) 

U,k,h) 



2 L J* n n' 



Proof. If D\ h = then 



G% h = ^[(d h D k ^ + D h 5l + D- kh 5]} (4.10) 



which will be contracted by 77^77 and then by r)i. 

Using G^TyV = G\ k V h = d k & ■ (d j D- kh )r?r ] h = ; D khV h = G\- k and 
taking into account (14. 8p . after the contraction by rfrf 1 of G l .r h , we obtain 



'jkh> 



n + 

Due to Lemma 2.1, i.e. {d k G l )r]i = 0, the contraction of the above relation 
with rji leads to Glr = 0. Its differential with respect to r] h gives G l lkh = 0, 
i.e. D kh = which plugged into (I4.1UI) yields 

G)- kh = \{e% h - l -mei 3 W + e%5i + e^}. 

The last relation contracted by rf gives G l hk - = 0. Next, it results d k G % ^ h = 
which means that G^ h are holomorphic functions with respect to rj. Together 
with their - homogeneity imply G l ^ h = G l j h (z). Hence G^ kh = G 1 .^ = and 

(□mi). ' ' □ 

Proposition 4.3. Let (M, F) be a complex Finsler space. If = then 
F is generalized Berwald and 

D) kh = -\{9% h - \[{d h 9i k )rf + VSM\ ( 4 - n ) 

D)- kh = -\{e% h - l -[{d h e^ + e*- k 5i + e^}. 
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Proof. If D\- h = then 

G\ m = ^[(diDf^W + Dm^ + \{d*k - liW^W + (4-12) 

The contraction of (14.121) by r?f\ r)i and using (14. 8 p and G l .^f] h rf = —G % .^rf = 
-d k & ■ D- kTl f, h = -G\ k ; {fyD-^r? = -(<)/;;,)//•' = -G* £ , it results' 

= -(d- k G% = -^Gjs, 

which implies Grjr = and so, Glrr = 0, i.e. D k ^ = 0. Plugging = into 
(l4~T2j) we obtain 

Now, the last relations contracted only by fp leads to G 1 .^ = 0. As above we 
obtain that Gj h depend only on z. So, the space is generalized Berwald and 
the relations ( 14. lip are true. □ 

Theorem 4.2. Let (M, F) be a complex Finsler space. Then, (M, F) is 
Douglas if and only if it is generalized Berwald with 

0£ h =l[Wm)v i + E ( 4 - 13 ) 

Proof. The direct implication is obvious by the last two Propositions. Con- 
versely, if the space is generalized Berwald, replacing the relations ( 14 . 1 3 j) into 
<m, it follows D\ lh = D) kh = D] m = 0. □ 

5 Weakly Kahler projective changes 

All the next discussion will be focused on the weakly Kahler complex Finsler 
spaces. In this case, the projective invariants of Douglas type (14. 7p are 

D) kh = G) kh - -}—[{d 3 D kh )^ + £ D jk 6i); (5.1) 

(j,k,h) 

D l fkh = G^-^t[(4^K + ^ + ^^]. 
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By Lemma 4.1, it immediately results the following Proposition. 

Proposition 5.1. Let (M,F) be a weakly Kdhler complex Finsler space. If 
one of hv-, hv- or hv- Ricci tensors is vanishing, then 

Djkh = G jkh ; D l jk}i = G^fa ; D l - kh = G l jkh . (5.2) 

Proposition 5.2. Let (M, F) be a weakly Kdhler complex Finsler space. If 
one of statements i5.2fy is true, then the hv-, hv- and hv- Ricci tensors are 
vanishing. 

Proof. Suppose that D\z = G\tt. Then, using ( 15.1 p it results (djD k i)rf + 

D- k - h 5) = 0. Since (djD^rf = D kh , hence (n + l)D kTl = 0, and so D~ kh = 0. 
By Lemma 4.1, hv-, and hv- Ricci tensors are vanishing. The proof is similar 
for D) kh = G) kh or D\ m = G$ R . □ 

Corroborating ( 15 .ip with Propositions 4.2 and 4.3, it follows 

Corollary 5.1. Let (M,F) be a weakly Kdhler complex Finsler space. 
^IfD)- kh = QthenD) kh = D)- kJi = Q. 

Theorem 5.1. Let (M,F) be a weakly Kdhler complex Finsler space. If 
either = or D^ kh = then the space is complex Berwald. 

Proof. If either D 1 .^ = or D l . kh = then Gj h = Gj h (z), which means 
that the space is generalized Berwald. The proof is completed by Theorem 
2.1. □ 

Theorem 5.2. If (M, F) is a complex weakly Kdhler Douglas space then it 
is Berwald. 

Proof. It results by Theorem 5.1. □ 

Note that, the weakly Kahler property is preserved by the projective 
changes (for proof details see Theorem 3.2 from [3]), and then we have 

G i = G i + Prf, (5.3) 

where P is a (1,0) - homogeneous function. Under this projective change, 
we obtain 

N; = N; +P jV 1 + P8) ■ i k =S k -(P kV l + P5 l k )d t ; (5.4) 
G) k = G) k + P jk rf + P k 5) + m ■ G)- k = G)- k + P fk rf + P k S], 
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where Pjk := d k Pj = Pkj, P k '■= d k P, Pj k := d k Pj = djP k . Moreover, the 
(1,0) - homogeneity of P implies 

P kV k = P ; P fk f = ; P jkV k = ; P k fj k = ; P fk rf = P k . (5.5) 

Next, we shall study the hh— curvatures tensor K l - kh . Under the projec- 
tive change (15.31) . we have 

k\ h = K\ h + A (k , h) [P s rf + {Ps - PPhK}; (5.6) 

k | ft | ft 

K) kh = K} kh + A {kA) [P s V 1 + Pb6} + (Ps -P 3 P h -PP 3h )5 k l 

jk | ft re | ft i I « 

where ' s ' is the horizontal covariant derivative with respect to BT and ,4.( re m 
is the alternate operator, for example A( kt h){P b } '■= P b — P B ■ Next we 

re | ft fc | h h\k 

make the following notations 

Xkh '■= P b — P b ; Xh := P B — PPh 

k | ft ft | re | ft 

which have the properties 

•9j^ft = P b — PjPh — PPjh ; <9j^ft — ^ft^' = P b — P b = Xjh, 
j I ft j I ft ft I j 

4-X feft = P B -P B ; {djX h )7f = X h ; (4-X fcft y = ; 

fcj | ft hj \k 

X kj rf = P B -P B := X fc0 . 

k | o | 

By means of these, the changes (15.6P become 
Kl h = K* h + X kh rf + X h 5l - X k 5l 

K) kh = K) kh + {djXM + X kh 5) + 0,X h )5l - (fyXM. (5.7) 

Now, we introduce the hh- Ricci tensor Kkh '■= K l ikh . Another important 
tensor is Hj k := K l - ki . The link between these horizontal curvature tensors 
is H k j — Hj k = Kj k . Summing by i = j and then i = h together with a 
contraction by if , in the second relation from (15.71) . it yields 

X k h = — —r(K kh — K kh ) = — —[(H hk — H kh ) — (H hk — H kh )]; (5.8) 

71+1 71+1 

Hok = Hok + X k o — (n — l)X k . 
From here, it results 



X. 



1 



AO 



j[(Hok — Hko) — (H ok — H k o)]; (5.9) 



n + 

X k = l —r( H k ~ H k ) with H k := —^—-{nH ok + H k0 ), 

n + 1 ri—1 
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for any n > 2. Moreover, 

K jk = djH k0 — d k H j0 = d k H 0j — djH ok and H jk = djH ok . (5.10) 
Now, substituting (15. 8p and (15. 9 p in (15. 7p we obtain the following invariants 

WU = Kl h + -±-A {k , h) {H kh rf + H h 5l); (5.11) 
n + 1 

W; kh = i^ + ^^[(4^^ 

in which the second formula is a projective curvature invariant of Weyl type. 
Note that, if (M, F) is Kahler, then Wj kh = 0. 

Theorem 5.3. Let (M, F) be a weakly Kahler complex Finsler space of com- 
plex dimension n > 2. 

i) Then, W) kh = if and only if W l kh = 0; 

ii) IfK kh = then W; kh = K) kh + ^{H jh 5i - H jk 5i); 
Hi) IfH kh = 0thenW; kh = K* kh . 

Proof, i) If W] kh = 0, then 

K) kh = -^MjK^ttV + E *A + 3 H h )6l], 
which contracted by rf give K l kh = —-^A( k ^)(H kh r] 1 + H h 5 k ) and hence, 

Conversely, if = then K l kh = -^A(k, h) {H kh rf + H h 5 k ). Differen- 
tiating with respect to rf , it results 

K )kh = -^nA^lidjHkhW + H kh 5) + {d 3 H h )5H that is, W] kh = 0. 

ii) If K kh = then H k j = Hj k . Substituting into (15. lip and using (I5.9P and 
(15.1 Op . it results our claim, iii) immediately results by (15. lip and (15. 9p . □ 

In order to obtain another projective curvature invariant of Weyl type 
we assume that the weakly Kahler complex Finsler metric F is generalized 

c 

Berwald. Thus, we have K 1 .^ = 0, Kj kh = — S k G l j h and the Bianchi 
identities get d r K% u = and dfK l T ^ = 0. 

° jkh jkh 

Note that by a projective change, the generalized Berwald property of the 
metric L is transferred to the metric L. Moreover, the generalized Berwald 
property together with the weakly Kahler assumption implies that F and F 
are complex Berwald metrics (Theorem 2.1). Hence, K l ^ h = —5 k L l - h . There- 
fore, under these assumptions, the function P from the projective change 
(15.31) is holomorphic with respect to r], i.e. P k = 0, (see Proposition 3.1 from 
[3]), and 

N) = N) + Prf + P8) ;5 k = 5 k - (P kV l + P6 l k )df, (5.12) 
L) k = L) k + P 3k rf + P k 5) + P 3 5\ ■ G)- k = G)- k = 0. 
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Consequently, 

K}tH = K fkh ~ PiK\tf ~ PjfA - Phfkfy (5-13) 

— Pjhr\k r f + Pjh\k$r + Pjr\k^h + Phr\k^j- 

Next, we consider the hh - Ricci tensor K kh := K% h . Since F is Kahler, 
K l r h = K l h r.. Making i = j in (I5.13p . it results 

P h \k = \-r{K lh -K- kh )- (5.14) 

1 n + 1 

Phr\k = 0) 

which substituted into the first equation from (15.13p . give a new projective 
curvature invariant of Weyl type, which is valid only for the complex Berwald 
spaces, 



W] u = K k ~ ^-T^A + Kkhfy- (5-15) 



1 

n + 1 

Note that for any complex Berwald space, the hh - curvatures coefficients 
of Chern-Finsler connection can be rewritten as R l . Tl , = K l T , + K l T,ri m C % : ] . 

jkh jkh rakh 1 3 l 

So that, R ffkh = K f f kh + K l mlh rTCjrU where K ffkh := K^g^, and R fjkh r] j = 
K f j kh rf . This implies 

Theorem 5.4. Let (M, F) be a connected complex Berwald space of complex 
dimensionn > 2. Then, W l fkh = if and only if K mjkh = ^f(g jk ghm+9hk9j^)- 
In this case, JCf = c, where c is a constant on M and the space is either 
purely Hermitian with K kj - = c(jl ^ g.^ or non purely Hermitian with c = 
and K % T , = 0. 

jkh 

Proof. Using (I5.15P and W^ h = 0, it results 



Kh=^( K *A + Kk h 5i) (5-16) 



which contracted with g ifh gives 

1 



K 



mjkh 

——ri.K- kj g hfh + K kh g jm ), (5.17) 



and 



Pfhjkh — n _|_ ^ {Kkj9hfh + ^kh9jm + K kl rf Cjrhh) , (5.18) 



n + 
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where C jfhh := d h g jfh . 

Since R f ^ h = Rfhkji see DP P- 105, it results Rffih = R-kjrhi an d therefore, 

Krfk h r} 3 = K- kj fhV J • (5-19) 

From (I5.17P also results 



4 

L(n + 1) 



= 77Z I ^ K kjrfv k , (5.20) 



which, indeed, can be rewritten as LJC F = -^-yK^rf r] k . Differentiating this 
last formula with respect to f) m and using again the Bianchi identity d^K^ = 
0, it follows that lC F fj m + L(d m IC F ) = ^Kfnjrf '■ 
Now, due to (15.191) . we obtain 

4 

IC F r]m = - - - Krnjrf. (5.21) 

Thus, L(drnJCp) = and so, JC F depends only on z. Differentiating (I5.2ip 
with respect to rj l , it gives K m i = ( ' n+1 ^ KF gm, which plugged into (I5.17P 
yields K m j kh = ^f-(gjk9hm + 9hk9jm)- 

Conversely, since = ^{g^i + g^fy and K~ kh = (n+ ^ KF g h ~ k , the 

relation (I5.15P implies W^ h = 0. 

In order to prove that /Cf is a constant on M we use the Bianchi identity 
Kjrk\h = K fhk\f from 033D- Contracting by gmV m V j V r 'n k , it gives 

^f\K = ^FfoVh- (5-22) 

Taking into account JC F ^\j = ^fL^ = 0> where ' is the vertical covari- 
ant derivative with respect to Chern-Finsler connection, and deriving (I5.22p . 
we easily deduce 

= K>F\h\j = -jf>F\o(9jR - jVjVh), 

which multiplied by g^, it gets j^(n — 1)/C_f|o = 0. Plugging it into (I5.22p . it 
follows that JC F fi = 0, i.e. = 0. By conjugation, = and so, K. F 
is a constant c on M. This implies = c( ~ n ^ g.^ and its derivative with 
respect to rf leads to c dig^ = 0, and hence the last claim. □ 
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6 Locally projectively flat complex Finsler met- 
rics 

Using some ideas from the real case, we shall define the locally projectively 
flat complex Finsler metrics. 

Let L be a locally Minkowski complex Finsler metric on the underlying 
manifold M. Corresponding to the metric L, at any point of M there exist 
local charts in which the fundamental metric tensor depends only on 77 
and thus, the spray coefficients G l = and the functions 9 n = 0, in such 
local charts. The complex Finsler metrics L will be called locally projectively 
flat if it is projectively related to the locally Minkowski metric L. Since the 
weakly Kahler property is preserved under the projective change, any locally 
projectively flat metric is weakly Kahler. We recall Theorem 3.3 from [3], 

Theorem 6.1. Let L and L be complex Finsler metrics on the manifold M. 
Then, L and L are projectively related if and only if 

i[4(4£)<J* + 2(d f G')(d,L)] = P(d r L) + B-g„. ; r = (6.1) 

Theorem 6.2. L is locally projectively flat if and only if it is weakly Kahler 
and 

dr(5 k L) v k + 2{d f G l ){d l L) = 2P{drL) ; r = T~n, (6.2) 
where P = ■^(5kL)r] k . Moreover, G l = —Prf. 

Proof. The above equivalence results by Theorem 6.1 in which L is a locally 
Minkowski metric on M. Taking into account (5kL)rj k = —2G l (diL), the 
condition (16. 2p is equivalent to —G l gi f = P{d f L). By contraction with g ri , 
we obtain G 1 = —Prf. □ 

Proposition 6.1. If L is locally projectively flat then G % = ^^rf 7 ?- 

Proof. Since G % = ^g mi ^F L ri k T] r and L is locally projectively flat, then 

\g m% ^§jrVi kr f = —Prf- Contracting by rji, it leads to P = —jz§^kV k which 
finishes the proof. □ 

Proposition 6.2. Let (M,F) be a generalized Berwald space. If L is locally 
projectively flat then it is a complex Berwald metric with W l .r h = 0. 
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Proof. By Theorem 2.1, L is a complex Berwald metric. Since K l .^ h = K kh = 

0, the relations (I5.13P and (15.141) . give K^ h = ^■(K^Sl + K kh 8j) and so, 

By Theorem 5.4 we have proved 

Theorem 6.3. Let (M,F) be a connected generalized Berwald space of com- 
plex dimension n > 2. If L is locally projectively flat then it is of constant 
holomorphic curvature. Moreover, if the constant value of the holomorphic 
curvature is non-zero, then (M, F) is a purely Hermitian space. 

Next we study as an application the weakly Kahler complex Finsler met- 
rics L with the spray coefficients G % = p r rfrf, where p is a smooth complex 
function depending only on z € M, p r := J^r and p r ^ := |f£- is Hermitian, 

1. e. p~[ = phf, and it is nondegenerated. 

Theorem 6.4. Let (M, F) be a weakly Kahler complex Finsler space with 
G % = p r rfrf . Then 

i) L is locally projectively flat; 

ii) L is a complex Berwald metric; 

Hi) L is a purely Hermitian metric of non-zero constant holomorphic 
curvature Kp = —j^p r hV r V h - 

iv) p satisfies the system of partial differential equations 

Prhk = PrPkh + PkPrhi (6-3) 

where p r j lk := -^jr = -j^r = and p r j lk = p khr 

Proof. In order to prove i), we use Theorem 6.2. Let L be a locally Minkowski 
metric on M. Since L is weakly Kahler, we must show only that the equa- 
tion (16.21) is satisfied. Indeed, we have d f G l = 0, (5 k L)rj k = —2G l (diL) = 
—2p r rfrf(diL) = —2Lp T rf, and so df(5 k L)i] k = — 2((9 f L)p^', which implies 
the equation (16. 2p . 

Since dfG 1 = 0, L is generalized Berwald. Thus, Theorem 2.1 yields ii). 

iii) Theorem 6.3 together with i) and ii) show that = and L is of 

c 

constant holomorphic curvature. Since L is a complex Berwald metric, 5 k =S k 
and L l j h = G^ h . Hence K % i h = —5 k L l - h) which will be rewritten in terms 
of derivatives of p. Indeed, two successive differentiations of the equations 
G % = p r rfrf lead to 

L)k = PkS} + PA . (6.4) 

Consequently, 

Kjkh = ~Pjk$h ~ PhJcdj 
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which gives K ffkh = -pf k g h f - p h - k gjf and so, 

ICp = -jp r - h V r V h - (6-5) 

Since p r ^ is nondegenerated, K,f 7^ and by Theorem 6.3 it results that 
L is a purely Hermitian metric. 

iv) To establish the system ( 16. 3 p we use (16. 5p . This implies 

L = —^PrhV r V h = 9rhV r V h , (6-6) 

which gives 

4 4 

9rh = —p^Prh and 5 k9rh = —j^Prhk- (6-7) 

Now, using ( 12 .4p and (16 .4p it results 

Sk9jfh = Pk9jfh + Pj9kfh (6.8) 

The substitution of ( 16. 7p into (16. 8p implies (16. 3p . Moreover, the Kahler prop- 
erty of L gives p r ~ hk = p k ~ hr . □ 
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